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A simple model presented for cross-flow filtration of liquid suspensions was 
formulated on the premise that among the particles convected to the filter medium 
surface in cross-flo w filtration, only a fraction of them become deposited. A criterion 
based on the interplay of the geometry of the cake-suspension interface and various 
forces acting on a particle as it moves toward the interface was established and an 
expression of the adhesion probability of impacting particles developed. The model 
was then formulated by incorporating the adhesion probability in formation together 
with conventional cake filtration theories. Through sample calculations, the model 
was found to display behavior consistent with the observed phenomena of cross- 
flow filtration and capable of representing experimental results. 

Introduction 
Cross-flow filtration refers to a type of surface filtration in 

which the main direction of the suspension flow is perpendic- 
ular to the flow direction of the recovered (or separated) liquid. 
The term “cross-flow” describes the flow pattern and does 
not specify the type of media used for particle retention. Con- 
sequently, a number of processes such as reverse osmosis, 
ultrafiltration, and microfiltration may be classified as cross- 
flow filtration. On a more restricted basis, cross-flow filtration 
is usually considered a process for removing particles ranging 
in size from 0.1 to 10.0 pm from relatively dilute suspensions 
using polymeric or metallic media (or membranes) with defined 
pore size. It is commonly applied to clarify dilute suspensions 
of fine particles for producing filtrates of high purity. 

In cross-flow filtration, the suspension to be treated flows 
under pressure along a porous medium (or membrane) with 
liquid permeation taking place across the membrane. As liquid 
permeates the medium, a portion of the particles associated 
with the permeating liquid’s flow deposits at the surface of 
the medium to form a solid cake. The cake thickness increases 
with time and as a result, the rate of liquid permeation decreases 
with time. This time-dependent behavior represents a major 
characteristic of cross-flow filtration. 

A number of investigators have previously proposed models 
for cross-flow filtration. For all these models, the one central 
issue in analyzing cross-flow filtration is: How does one es- 
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timate the fraction of particles transported to the membrane 
surface associated with the permeating liquid become depos- 
ited? If one assumes that all particles are deposited, then the 
cake thickness (and its resistance to liquid flow) would be so 
great that it would lead to a liquid flux at least one order of 
magnitude less than what is observed experimentally. The 
problem of modeling, therefore, is to suggest a physically plau- 
sible hypothesis for explaining the fact that only a fraction of 
the particles transported to the medium surface become de- 
posited and form a cake. 

Some of the early work on modeling cross-flow filtration 
(Blatt et al., 1970; Porter, 1972; Henry, 1972) recognized the 
similarities in flow pattern between cross-flow filtration and 
reverse osmosis. This recognition led to the use of the con- 
centration polarization model of reverse osmosis in correlating 
and interpreting experimental data of cross-flow filtration. 
This attempt, however, was largely unsuccessful since it tends 
to grossly underpredict the permeation flux (by one or two 
orders of magnitude). The failure was attributed to the use of 
the Stokes-Einstein equation for estimating particle diffusivity. 
In order to overcome this difficulty, Altena and Belfort (1984) 
suggested the inclusion of a lateral migration of particles in 
considering the back diffusion of particles from membrane 
surfaces. This modification, however, did not significantly 
improve the agreement between experiments and predictions. 

Another attempt to model cross-flow filtration using the 
concentration-polarization model was suggested by Zydney 
(1985) and Zydney and Colton (1986). Instead of using the 
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Stokes-Einstein particle diffusivity to account for the back- 
diffusion of particles, Zydney and Colton used the so-called 
shear-induced particle diffusivity and obtained agreement be- 
tween prediction and their experimental data of membrane 
plasmapheresis. 

More recently, Davis and coworkers (Davis and Birdsell, 
1987; Davis and Leighton, 1987; Romero and Davis, 1988, 
1990) analyzed cross-flow filtration on the basis of shear-in- 
duced particle diffusion. Both steady-state and transient-state 
analyses were made. As shown in the more recent work of 
Romero and Davis (1990), it was assumed that particle trans- 
port toward the membrane surface due to liquid permeation 
results in the formation of a “stagnation cake” layer and a 
“flowing cake” layer, the thickness of both increasing lon- 
gitudinally. The model predicts liquid permeation flux to be 
a function of the longitudinal distance and time. There is no 
direct experimental observation about the presence of such 
entities nor their physical structure and properties can be in- 
dependently measured. 

The purpose of the present work is to present a model for 
cross-flow filtration based on particle adhesion instead of par- 
ticle back-diffusion or motion. Both Fischer and Raasch (1986) 
and Lu and Ju (1989) presented experimental evidence that in 
cross-flow filtration, among the particles transported to the 
membrane surface, only a fraction become deposited. Thus, 
by developing a criterion for estimating the value of the fraction 
of particles deposited and combining the criterion with con- 
ventional cake filtration theories, one can readily predict the 
extent of decline of local liquid flux with time as well as the 
size distribution of particles that form the growing solid cake. 
The model presented in this study is formulated on such a 
basis. 

Criterion for Particle Adhesion 
Fischer and Raasch (1986) and Lu and Ju (1989) observed 

in their respective experimental studies of cross-flow filtration 
the formation of immobile cakes along the upstream side of 
the membrane medium. Furthermore, they found that particles 
that formed the cake came from the smaller particles present 
in the suspension and that higher cross-flow velocities resulted 
in cake composed of finer particles. Fischer and Raasch sug- 
gested a qualitative model for estimating the selective cut- 
diameter of deposited particles. On the other hand, Lu and 
Ju present a criterion for selective particle deposition based 
on the hydrodynamic forces acting on a particle touching the 
membrane medium surface and the angle of repose between 
the particle and the surface. The model presented below is a 
generalization and quantification of these concepts. 

A schematic diagram depicting a spherical particle of di- 
ameter dp transported to the vicinity of the cake-suspension 
interface with a protrusion of finite height, h, is shown in 
Figure 1.  [The protrusion may be considered one of the de- 
posited particles. Thus, the criterion developed, strictly speak- 
ing, is not applicable to a clean membrane or the initial period 
of cross-filtration. On the other hand, since this initial period 
is relatively short (as shown by the observed rapid flux decline), 
it may be ignored.] The forces acting on the particle are Fp 
(along the direction of the main flow) and Fq (along the di- 
rection of permeation). The condition for deposition (that is, 
the particle remains static) is: 
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Figure 1. Forces acting upon a spherical particle in con- 
tact with the cake surface. 

or 

In other words, for deposition to occur, a particle must be 
placed next to a protrusion of sufficient height. The minimum 
height can be obtained from the above relationship, namely, 

(3) 

The type of forces acting on a spherical particle in contact 
with the suspension/cake interface vary with the size of the 
particle and may include the hydrodynamic force, the gravi- 
tational force, the surface interaction forces and the diffusional 
force. The diffusional force is important primarily for sub- 
micron particles. The surface interaction forces, in the context 
of cross-flow filtration are the double layer and Van der Waals 
forces, which depend strongly on the thickness of the liquid 
film (that is, separation distance) between the particle and 
membrane surface (or the particles themselves). Since this 
thickness value is unknown and furthermore both of these two 
forces are shortranged, these forces will be ignored in the 
following considerations. 

A first step toward estimating the forces involved is to de- 
scribe the flow field near the suspension/cake interface, as 
depicted in Figure 2. In the immediate neighborhood of the 
slurry/cake interface, the velocity field may be approximated 
as: 

(4) 

where y is the distance from the cake/slurry interface, r ,  is 
the shear stress acting on the suspension/cake interface and p 
is the liquid viscosity. 

According to O’Neill (1968), the drag force exerted on a 
single spherical particle in a shear flow field as shown in Figure 
2 is: 
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Figure 2. Spherical particle in contact with the cake 
surface in a shear flow. 

Next, consider the various forces acting on the particle along 
the y-direction. The hydrodynamic drag force exerted on the 
particle by the permeating liquid, Fq, is: 

where v, is permeation flux (or velocity). 
For a neutrally buoyant spherical particle in a simple shear 

flow field, Vasseur and Cox (1976) have shown that the lateral 
migration velocity is given as: 

(7) 

where v is the kinematic viscosity of the liquid. 
Strictly speaking, the above expression is valid for the chan- 

nel Reynolds number less than 15. More accurate expressions 
(Schonberg and Hinch, 1989; Drew et al., 1991) for large 
Reynolds numbers are available. The use of these expressions, 
however, requires rather tedious computation. As a matter of 
simplification, Eq. 7 is used as a conservative estimation. 

The lateral lift force acting on the particle, Fq2, is: 

On the other hand, the buoyant force of the spherical particle, 
Fq,, is: 

where ps and p, are the particle and liquid densities. Conse- 
quently, the net force acting on the particle along the y-direc- 
tion, F,, is: 

or 

Both Eqs. 5 and 10, which give the expressions of Fp and 
Fq, respectively, include the wall shear stress, 7,, which can be 
calculated from the friction factor correlation, or 

(1 1) 
for laminar flow 

Re-1’4 for 6.0.10’sRes6.O.1O5 

where Re is the Reynolds number, defined as dplws/p where 
d is the diameter (or equivalent diameter) of the membrane 
channel. In terms of the friction factor, Fp and F, become: 

Fp = 1.276 7rpld; f W,  (12) 

The values of the minimum protrusion height for particle 
deposition, hmi,, can be calculated by substituting the above 
expressions of Fp and F, into Eq. 3. hmi, is a function of the 
cross-flow velocity, w,, the permeation flux, u,, the particle 
diameter, dp, and the properties of both the liquid and the 
particles. The values of hmin as a function of dp for different 
operating conditions are shown in Figures 3 and 4 with the 
properties of the particles and liquid used in the calculations 
listed in Table 1. In Figure 3, the values of hmin were plotted 
vs. d, for different cross-flow velocities at constant permeation 
flux. Figure 4, on the other hand, gives the values of h,, vs. 
dp for various values of permeation flux with w, being constant. 
Both figures show that the value of hmin increases with the 
increase in particle size. On the other hand, increasing cross- 
flow velocity or decreasing permeation flux increases the hmin 
required for particle deposition. 

Particle Adhesion Probability 
As shown in Figures 3a and 3b, the minimum protrusion 

height for particle deposition, hmin, varies with both the op- 
erating conditions and particle diameter. The protrusion height 
at a suspension/cake interface can be expected to cover a range 
of values. For a given particle transported to the suspension/ 
cake interface, its deposition depends upon the height of the 
protrusion with which the particle comes into contact. Assum- 
ing that the protrusion height is a continuous random variable 
with a continuous distribution function, the probability for a 
spherical particle of diameter dp to be deposited at the cake 
surface equals the probability for a local protrusion height to 
be greater than or equal to hmin, P(hrhmin),  in other words, 

where is the probability for a spherical particle to be deposited 
at the membrane surface, or its adhesion probability. For a 
population of particles transported to the membrane surface 
in cross-flow filtration, the adhesion probability may be taken 
as the fraction of the population of particles which become 
deposited. The adhesion probability depends on the protrusion 
height density distribution. As an approximation, if one as- 
sumes that the protrusion height follows a uniform distribution 
over 0s h I h,,,, where h,,, is the maximum protrusion height, 
then Eq. 14 becomes: 
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Figure 3a. Minimum protrusion height vs. particle size 
for different operating conditions. 
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Figure 3b. Minimum protrusion height vs. particle size 
for different operating conditions. 
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Figure 4. Particle adhesion probability vs. permeation 
flux for various crossflow velocities. 

Substituting Eq. 3 into the above expression, one has: 

Suspensions to be treated by cross-flow filtration are likely 
to be polydispersed. The fraction (volume-based) of the total 
population of particles transported to the medium surface 
achieving deposition can be found from the size distribution 
of the total population of particles and the adhesion probability 
of particles of different sizes. Let ci denote the volume fraction 
of particles of diameter dp,, i=  1,2 . . . N, present in the sus- 

Table 1. Physical Properties of Suspensions and Cakes Used 
in Adhesion Probability and Sample Calculations 

Parameters Values 

0.002 
1 Pm 

PI 1 ,OOO kg/m’ 
P S  2,600 kg/m’ 
P 0.001 Pa.s 
€,=€,” 0.250 
k=k, 1.00.10-’~ m2 
Lo m 

‘Not applicable to those cases where d, is considered a variable. 
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pension and yi be the corresponding adhesion probability. The 
volume fraction of the total particles achieving deposition, 7, 
is: 

C cj 
i =  I 

Equations 16 and/or 17 together with Eqs. 12 and 13 can 
be used to estimate the fraction of the particles which are 
transported to the medium surface and become deposited to 
form a cake. For a given set of operating conditions in cross- 
flow filtration, the value of y decreases as the permeation flux, 
v,, declines. On the other hand, since the permeation flux 
decreases with increasing cake thickness, one may expect y to 
be a monotonically decreasing function of time. This behavior 
implies that one may expect v, to decline with time but with 
a diminishing declining rate, which is indeed observed exper- 
imentally in cross-flow filtration (Fischer and Raasch, 1986; 
Lu and Ju, 1989). 

The adhesion probability can also be seen to be a mono- 
tonically decreasing function of the particle diameter, dp. Ac- 
cordingly, among the particles deposited, smaller-particle 
enrichment characterizes the deposition as compared with the 
total population of particles transported. This feature has also 
been observed experimentally (Fischer and Raasch, 1986; 
Murkes and Carlsson, 1988). 

I I I 
dp= Ipm 
ws=4. 5 m 1s 
Vw= 0.05m3/s 

hmax (pm] 

Figure 6. Particle adhesion probability vs. the upper limit 
of the uniform distribution, hmm. 

To calculate y, one must know the value of the maximum 
protrusive height, hma. Although there is no precise method 
of determining h,,,, one may argue on physical ground that 
h,, should be of the same order of magnitude of the size of 
the deposited particles. Thus, one may - assume h ,  = dp/2 for 
monodispersed suspension and h,,, = dp/2 for polydispersed 
suspensions where aP is the volume mean diameter. 

Quantitatively, the effect of the various variables (namely, 
w,, v,, dp, and h,,& are shown in Figures 4 through 7. In Figure 
4, y is shown as a function of v, for different values of w, for 
particles of 1 pm diameter. Similarly, in Figure 5 ,  y is plotted 
against w, for three different values of v,. The results dem- 
onstrate that increasing w, or decreasing v, decreases y. On 
the other hand, when the operating variables are kept constant 
while the surface roughness increases, the particles adhesive 
probability increases (see Figure 6). In Figure 7, y is shown to 
be a monotonically decreasing function of dp under different 
conditions. 

The size distribution of the deposited particles estimated 
according to the adhesion probability concept discussed above 
is shown in Figure 8. Let xi  denote the volume fraction of the 
total population of particles in a suspension with particles of 
diameter dp,, i = 1, . . . N, and yi the corresponding adhesion 
probability. Then, the volume fraction of particles of dp, pres- 
ent in the cake formed from the suspension, yi, is: 
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Figure 7a. Particle adhesion probability vs. particle size 
for different operating conditions. 
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Figure 7b. Particle adhesion probability vs. particle size 

for different conditions. 
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Figure 7c. Particle adhesion probability vs. particle size 
for different operating conditions. 

The results shown in Figure 8 were calculated according to 
the above expression. A normal distribution was assumed for 
the total population of particles in the suspension, with a mean 
diameter of 5 pm and a standard deviation of 1 pm. The 
enrichment of finer particles in cake formation is clearly dem- 
onstrated in this figure. The size distribution of the deposited 
particle varies with the operating condition. But in all cases, 
the cake particles are finer than those of the total population, 
with the degree of fineness increasing with the magnitude of 
V W .  

Cross-Flow Filtration Model 
Over the past five decades, considerable effort has been 

devoted to studying cake filtration and modeling cake-filtra- 
tion processes. By incorporating the adhesion probability re- 
sults with anyone of the existing cake-filtration models, one 
may readily predict the performance of cross-flow filtration. 
In the following, we present a cross-flow filtration model based 
on the assumption that the cake formed is incompressible or 
is compressible but may be characterized by its average prop- 
erties. 

A schematic representation of cake formation is shown in 
Figure 9. The dynamic behavior of cross-flow filtration is a 
function of both the time and spatial variables. The spatial 
dependence is, however, rather weak (or u, is nearly inde- 
pendent of the axial distance) unless the axial distance involved 
is exceedingly large. In the formulation given below, for rea- 
sons of simplification, the spatial dependence is ignored. (The 
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Figure 8a. Size distribution functions of suspended par. 
ticles and cake particles permeation fluxes. 
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Figure 9. Cake formation in cross-flow filtration. 

conditions under which this assumption holds and the pro- 
cedure one may apply when such an assumption is not valid 
will be discussed later.) 

First, let us assume that the suspension to be filtered is 
monodispersed and the cake formed is incompressible. For an 
incompressible cake, the liquid velocity across the cake at any 
instant is constant (and independent of the position within the 
cake). If L denotes the cake thickness, the rate of cake growth, 
dL/dt,  is: 

where eEO is the solidosity (volume fraction of particles) of the 
suspension and E ,  is the solidosity of the cake formed. y is the 
fraction of the particles transported to the membrane surface 
which achieved deposition. For polydispersed suspension, y 
should be replaced by of Eq. 17. 

The instantaneous permeation velocity, u,, is: 

k PO-Po 
p L + L o  

u =-- 

and 

eU, L , = k -  
km 

where k is the cake permeability, k,,, the permeability of the 
membrane, and Ax,,, the membrane thickness. Po is the pressure 
of the suspension and Po, the pressure at the downstream side 
of the membrane. 

Equations 19 through 21 together with Eq. 16 (or Eq. 17 
for polydispersed suspensions) and the initial condition, L = 0 
at t= 0, are the governing equations for cross-flow filtration 
if the filter cake formed is incompressible. These equations 
can best be solved numerically since the adhesion probability, 
y (or T), depends upon u, in a rather involved manner. The 
numerical solution gives both the permeation flux, u,, and the 
cake thickness, L ,  as functions of time. 

The results of the incompressible cake case given above can 
be extended to the compressible cake case in the following 
manner. The permeability, k, and solidosity, e,, of a com- 
pressible cake are functions of the compressive stress to which 
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the cake is subject, P,. The constitutive equations relating k 
and E, with P,, may be written as: 

€,=€:( 1 +?) b 

- 6  

k = ko (1 + 2) 
where Pa, P ,  and 6 are empirical parameters. c: and ko are the 
solidosity and permeability values at the zero-stress state. If 
the membrane surface (or, therefore, the slurry/cake interface) 
is planar (or with negligible curvature effect), one has: 

P,+ P,= PO (23) 

where P, is the pressure of the liquid in the pore space of the 
cake. 

For compressible cakes, the cake growth rate can also be 
found from Eq. 19 by replacing with the average cake 
solidosity. The cake growth rate becomes: 

For polydispersed suspensions, y should be replaced by r, and 
the average solidosity, is defined as (Stamatakis, 1990): 

where P,, is the compressive stress value at the upstream side 
of the membrane surface. 

Substituting the constitutive relationship of Eqs. 22a and 
22b into Eq. 25, era" is found to be: 

and 

As before, the permeation flux, u,, may be assumed to be 
constant across the cake at any instant. For compressible cake, 
Eq. 20 may be modified to give: 

where ka, is the average cake permeability. PI, is the liquid 
pressure at the upstream side of the membrane. kaV is given as 
(Stamatakis, 1990): 

I d '  I I I 

t (mid 
Figure 10. Permeation flux vs. time for various cross. 

flow velocities, P- P,=50 kPa (incompres. 
sible-cake case). 

Similar to the incompressible-cake case, the solution of Eqs. 
24 and 28 with the initial condition of zero cake thickness at 
t = 0 gives the performance of cross-flow filtration. In carrying 
out the numerical integration, one must use a trial and error 
procedure in order to find the value of PSm( =Po-plm)  from 
Eq. 28. The trial and error procedure is necessary since k,, is 
now a function of Psm. 

Sample Simulation Results and Discussion 
Certain simulation results are presented here to illustrate the 

models described above. The suspension was assumed to be 
monodispersed, and the physical properties of the suspension 
and those of the cake are listed in Table 1. It was assumed 
that the suspension flows in a slit formed by two parallel walls 
at a distance of 15 mm, having a small part of the total channel 
length permeable (of the order of lO-'m) on one of the parallel 
walls, a configuration similar to that used by Fischer and 
Raasch (1986) in their experimental study. 

The simulation results for the incompressible-cake case are 
shown in Figures 10 and 11. The results were obtained by 
numerically integrating Eq. 19 with the initial condition that 
L = 0 at t = 0 by an integration package (EPISODE). The per- 
meation flux is given as a function of time at an operating 
pressure of 50 kPa. The model predicts an initially large de- 
crease in permeation flux followed by a more gradual decline. 
The effect of the cross-flow velocity becomes more pronounced 
as time increases; an increase in cross-flow velocity w, results 
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Figure 11. Permeation flux vs. time for various pressure 
drops (incompressible-cake case). 

in an increase in permeation flux. The influence of pressure 
drop across the slurry and the permeable walls can be seen 
more clearly by cross-plotting the results of Figure 10. In Figure 
11, the permeation flux was plotted as a function of time for 
different pressure drops, that is, 50 kPa, 75 kPa, and 100 kPa, 
while the cross-flow velocity was kept constant at 4.5 m/s. As 
expected, the permeation flux increases as the pressure drop 
increases. 

The results of the compressible-cake case are given in Figures 
12 and 13. These results were obtained by integrating Eqs. 24 
and 28. The constitutive relations of the cake are those of Eqs. 
22a and 22b, with @ = O . l ,  6=0.8, and Po= 1 kPa. Figure 12 
demonstrates the dependence of the permeation velocity, u,, 
on the applied pressure drop, Po - Po, corresponding to dif- 
ferent values of w, at t =  100 min and 200 min. The increase 
in u, due to the increase in the applied pressure drop is relatively 
small, a conclusion which was obtained independently by 
Fischer and Raasch (1986) and Murkes and Carlsson (1988) in 
their respective experimental studies. 

In Figure 13 is shown the cake thickness as a function of 
time corresponding to different values of w, and Po - Po = 50 
kPa. Increasing the cross-flow velocity decreases the cake 
growth rate, although the cake thickness is always a mono- 
tonically increasing function of time. The cake growth rate is 
initially large but diminishes in the later stage of filtration. 
The maximum value of cake thickness in these figures was of 
the order of 1 mm. Since the distance between the parallel 
walls was 15 mm and the permeation flux was small, the cross- 
flow velocity remained nearly constant, a condition which was 
assumed in the calculations. 

0 m/s 1 
- I I I 

~~ 

0 5 0  I00 I50 200 
Pressure drop( kPa) 

Figure 12a. Permeation flux vs. pressure drop at time 
t = 100 min, for different cross-flow veloci- 
ties (incompressible-cake case). 
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Figure 12b. Permeation flux vs. pressure drop at time 

t = 200 min, for different cross-flow veloci- 
ties (incompressible-cake case). 
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Figure 13. Permeation flux decline data: Murker and 
Carlsson (1991) vs. present model. 

Additional calculations were made to demonstrate the ca- 
pability of the present model to describe experimental results 
of cross-flow filtration. Murkes and Carlsson (1988) collected 
experimental data of permeation flux vs. time for different 
microporous membranes. The suspension and cake properties 
used in their experiments are given in Table 2. The microporous 
membranes used in the experiments included silver (0.5 am) 
metallic membrane and Gelman Acropor AN200 (0.2 am) and 
ANSOOO (5.0 am) polymeric membranes. Assuming that the 
suspensions of finely dispersed kaolin used by Murkes and 
Carlsson may be approximated as monodispersed suspensions 
and the cake formed was incompressible, Eqs. 19 and 20 were 

Table 2. Physical Properties of Slurry and Cake of Finely 
Dispersed and Stabilized Kaolin, Murkes and Carlsson (1988) 

Parameters 

Microporous Membranes 

Silver 

0.0033 
1 Pm 
1 ,OOO kg/m3 
2,658 kg/m’ 
0.001 Pa.s 
2.5 m/s 
0.121 
0 . 9 4 0 ~  m2 
0.873 x m 
20 kPa 

AN200 

0.0033 
1 pm 
1 ,OOO kg/m3 
2,658 kg/m3 
0.001 Paes 
2.5 m/s 
0.127 
0.472 x lo-’’ m2 
0.596 x 1 0 - ~  m 
20 kPa 

ANSOOO 

0.0033 
1 Pm 
1 ,OOO kg/m3 
2,658 kg/m3 
0.001 Pa-s 
2.5 m/s 
0.1937 
0.4267 x m2 
0 . 5 4 6 ~  m 
20 kPa 

‘Obtained by parameter search in this study. 

used together with an optimization-search procedure to obtain 
the cake solidosity, E,, and permeability, k. Furthermore, for 
a specific membrane, the medium equivalent cake thickness, 
Lo, was estimated using the reported initial permeation flux 
value. The values of E,  and k obtained from the optimization- 
search procedure are included in Table 2. In turn, based on 
the determined k and tS values, the variation of v, with time 
was predicted from Eqs. 19 and 20 and compared with the 
experimental data of Murkes, as shown in Figure 13. 

From the results shown above, it is clear that our model is 
capable of predicting the three main features of cross-flow 
membrane filtration; (a) the rapid flux decline initially, (b) the 
diminishing rate of flux decline as time increases, and (c) the 
enrichment of fine particles on cake formation. The compar- 
isons shown in Figure 13 indicate that the model represents 
experimental data with sufficient accuracy. Although E,  and k 
of the model may be considered as adjustable parameters, the 
values of E ,  and k used in model predictions are consistent with 
their respective physical significance. In other words, the values 
of E ,  and k for the three cases of Figure 13 (which are listed 
in Table 2) are of the same order of magnitude of the E,  and 
k values of filter cakes composed of Kaolin particles according 
to the data compiled by Shirato et al. (1987). This fact therefore 
should add credence to the validity of the model. 

The fact that three different sets of E,  and k values were 
used for the same type of filter cake can be attributed to the 
differences in the size distribution of the deposited particles 
of the three experiments. As discussed before, reducing per- 
meation flux results in the formation of cakes composed of 
finer particles. The permeation flux shown in Figure 13 de- 
creased in approximately the same order as the permeability 
was reduced from silver to ANSOOO membranes. Thus, the 
variation of the estimated values of permeability and solidosity 
with the permeation flux from silver to AN5000 membranes 
is in agreement with the previously mentioned predictions. 

The model formulation and sample simulations results given 
above assumed that the permeation flux, cake thickness and 
suspension scjiidosity do not vary longitudinally. The condition 
under which this assumption is valid may be found as follows. 
Consider a channel composed of two parallel membranes sep- 
arated at a distance of 2b. The inlet suspension has a solidosity 
of and enters the channel at a velocity of w,. The solidosity 
of the suspension at a distance of x from the inlet, by mass 
balance, can be found to be: 

since the cake growth rate diminishes with time. The condition 
that eSlx is approximately the same as E ,  requires that: 

In most practical applications of cross-flow filtration, u, is 
of the order m/s while w, is of the order of 1 m/s. b may 
vary from lo-’ to lo-’ m. The above requirement is met if 
the longitudinal distance is of the order of 1 m or less. For 
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cases where the requirement of Eq. 30 is not met, it is necessary 
to divide the channel into a number of sections of such length 
that they satisfy the condition given by Eq. 30. One can then 
apply Eqs. 19 and 20 (or Eqs. 24 and 28) to each of these 
sections, with the inlet solidosity value of each section cal- 
culated from Eq. 29. 
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Notation 
C, = volume fraction of the ith type particle of the sus- 

pension 
d = equivalent diameter of membrane channel 

dp = particle diameter 
dp = mean value of dp 
dp, = diameter of the ith type particle 
Fp = force acting on a particle along the main flow direc- 

Fq = force acting on a particle along the permeation di- 

- 

tion 

rection 

f = friction factor 
h = protrusion height 

h,, = maximumvalueof h 
hmin = minimum value of h necessary for deposition 

k = cake permeability 
k,, = average value of k 
k, = medium permeability 
k, = cake permeability at zero stress (see Eq. 22a) 
L = cake thickness 

Lo = defined by Eq. 21 
N = total of particle types 
P = probability 

Po = parameter of the constitutive equations (Eqs. 22a and 
22b) 

p I  = liquid pressure 
Po = pressure of the suspension 
Po = pressure on the downstream side of the medium 
ps = compressive stress 

F,,, Fq2, Fq, = forces given by Eqs. 6, 8 and 9, respectively 

P I ,  = pressure at the medium surface 
pun = compressive stress at the medium surface 
Re = Reynolds number, defined as d w,p//p 

uL = liquid velocity 
v, = permeation flux (velocity) 
w = liquid velocity along the medium surface 
w, = cross-flow velocity 
x, = volume fraction of the total population of particles 

present in the suspension with diameter dp, 
y = distance away from the medium surface 
y ,  = volume fraction of particles with diameter dp, in the 

cake 

t = time 

Greek letters 
0 = exponent of Eq. 22a 
y = adhesion probability 
yi = adhesion probability of particles with diameter dp, 
7 = fraction of particles deposited, defined by Eq. 17 

Axm = medium thickness 

6 = exponent of Eq. 22b 
e, = cake solidosity 

csa = volume fraction of particles of suspension 
e, = average e, defined by Eq. 25 
e,“ = volume of E ,  at zero stress state 
p = liquid viscosity 
v = kinematic viscosity of liquid 

pI = liquid density 
p ,  = particle density 

T,, = defined as P,,/P, 
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